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Abstract

Numerical solutions of the Reynolds-averaged Navier–Stokes equations are presented for the near wake of a flat plate with and with-
out the effects of an adverse pressure gradient. The comparison with experiments indicates that both the standard k–� model and a Rey-
nolds-stress transport model accurately reproduce the centreline velocity and the turbulent kinetic energy in the zero-pressure-gradient
near wake. In the adverse-pressure-gradient wake, however, none of the turbulence models tested was able to predict the measured mean-
flow reversal near the centreline, and the large rise in turbulence kinetic energy in the wake. Examination of the measured and computed
kinetic energy budgets in the wake indicated that this discrepancy is due to an incorrect response of the dissipation equation to a spectral
imbalance noticed in the experiments.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

The wing of a transport aircraft is designed to give opti-
mum performance during cruise flight. Such a wing is usu-
ally not well suited to generate sufficient lift at low speed as
needed during take off and landing. To generate the
required lift at low speed the shape of the wing is adapted
in flight by means of a mechanical high-lift system compris-
ing trailing-edge flaps and, often, leading-edge slats. The
increased camber and the larger chordwise extent of a
multi-element airfoil will increase the lift. However, as dis-
cussed by Smith (1975), the main contribution to the lift
increase stems from the successful manipulation of the
pressure distribution by the ‘‘gaps’’ between the different
airfoil elements. Smith’s classical paper greatly contributed
to the understanding of the physics of the flow around a
multi-element airfoil. However, 30 years later the aerody-
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namic design of a high-lift system still is a challenging
problem. Major causes for this are the various phenomena
that affect the flow around a multi-element airfoil (see e.g.
Butter, 1984 or Meredith, 1992). A number of these phe-
nomena are listed below and illustrated in Fig. 1.

• The large suction peak on the most forward element
may cause local supersonic flow, even if the free-stream
Mach number is as low as 0.2. The shock wave interacts
with the boundary layer on the slat.

• Near the sharp edge of a cavity the boundary layer is
forced to separate and a recirculation zone is formed
in the cavity.

• Near the leading edge of the main element the turbulent
boundary layer may relaminarize as a result of strong
favourable pressure gradients.

• At high angles of attack, the slat wake may become con-
fluent with the boundary layer on the main element. The
wake of the main element may interact with the bound-
ary layer that develops on the flap.
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Nomenclature

C�1
closure coefficient

C�4
closure coefficient

Cp static-pressure coefficient
f4 damping function
H shape factor (=d*/h)
k turbulence kinetic energy
Pk production of turbulence kinetic energy
�pm measured static pressure
S�4

term in transport equation for �
Uref free-stream velocity

u0v0 Reynolds shear stress
u0v0s Reynolds shear stress in streamline coordinates
u02 Reynolds normal stress for x-direction
v02 Reynolds normal stress for y-direction
x coordinate along wind tunnel axis
y lateral coordinate
d* displacement thickness
� dissipation rate
h momentum thickness
Xk component of vorticity vector ð¼ �ijko�ui=oxjÞ
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Fig. 1. Phenomena that affect the flow around a multi-element airfoil.
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• Due to the large effective camber the shear layers are
strongly curved, giving rise to significant static-pressure
variations across the shear layers.

• Strong adverse pressure gradients promote the growth
of wakes and boundary layers, and can lead to flow
separation.

Considering the complexity of the different flow phe-
nomena, and their possible interactions, it is not surprising
that the numerical prediction of the flow around a multi-
element airfoil is extremely difficult.

Adair and Horne (1989) argued that modern computa-
tional methods based on the Reynolds-averaged Navier–
Stokes (RANS) equations can accurately predict the lift
up to moderate angles of attack, provided the flow remains
attached, whereas the drag cannot be predicted accurately.
At higher angles of attack, i.e. near the maximum-lift con-
ditions, the computational methods fail to predict correctly
either the lift or the drag. More than a decade later the sit-
uation was essentially still the same (see e.g. Rumsey and
Ling, 2002). The improvement of the existing calculation
methods with advanced grid generation and numerical
schemes did not help much, thus leaving the turbulence
models as the source of uncertainty. Developing turbulence
models that properly describe the different phenomena
essential to the flow around high-lift systems requires a bet-
ter understanding of the physics of these flows, which can
be achieved by studying various phenomena and specific
features in isolation. For example, experimental investiga-
tions of elementary flows, such as a turbulent boundary
layer that separates from a wall (Simpson et al., 1981;
Simpson, 1989), the development of a curved wake (Ram-
jee et al., 1987) or the flow over a backward-facing step
(Eaton and Johnston, 1981), provide insight into the differ-
ent flow phenomena.

This investigation is related to one particular feature of
high-lift aerodynamics, i.e. the wake flow in the trailing-
edge region of the main element. This wake is very com-
plex because it is subjected to strong pressure gradients
in streamwise and lateral directions. In the present investi-
gation this problem was simplified to the analysis of the
wake of a ‘‘thick’’ flat plate with a tapered trailing edge
that was subjected to a strong adverse pressure gradient.
The accurate prediction of the near wake of a flat plate
can be seen as a first step in the development of computa-
tional model capable of predicting the wakes of more real-
istic configurations that include the complicating effects of
curvature, asymmetry and large streamwise pressure
gradients.

The computational studies by Patel and Scheuerer
(1982) and Patel and Chen (1987) have shown that the
standard k–� model accurately reproduces the main fea-
tures of the near wake of a thin flat plate in zero pressure
gradient.

The first part of this paper evaluates the performance of
the standard k–� model and a Reynolds-stress transport
model to predict the near wake of a tapered flat plate in
the absence of external pressure gradients. Clearly, a
tapered trailing edge is a more realistic simulation of the
near wakes of airfoils. The tapering causes a disturbance
of the pressure distribution in the trailing-edge region that
influences the flow in the near wake. In the second part of
the paper, the flow in the trailing-edge region of the same
tapered flat plate is subjected to a severe adverse pressure
gradient that causes high turbulence intensities and local
mean-flow reversal. The region with mean-flow reversal
in the wake is not connected to the trailing edge. This flow
phenomenon is known as ‘‘free separation’’ or ‘‘off-body
separation.’’ There are several reports in the literature
(e.g. Petrov, 1980) claiming that free separation can occur
in the wake of the main element during the final stall.
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In a pioneering study of strongly decelerated wakes Hill
et al. (1963) succeeded in reproducing the mean-flow rever-
sal reasonably well with a simple calculation method based
on von Kármán’s integral momentum equation and an
eddy viscosity that is uniform across the wake. To achieve
agreement between the measured and computed mean-
velocity profiles, Hill et al. made ad hoc changes to a coef-
ficient in the expression for the eddy viscosity, but they
could not indicate whether the turbulence was predicted
accurately, because the measurements were limited to
time-averaged values of velocity and pressure. In retro-
spect, this apparent ease to reproduce the mean flow in
strongly decelerating wakes has fed the belief that strong
streamwise pressure gradients do not pose serious problems
when predicting near wakes of streamlined bodies. During
the nineties it became clear that this was incorrect. The
investigations by Tummers et al. (1997), Hoffenberg and
Sullivan (1998) and Driver and Mateer (2002) have
indicated that standard two-equation models and Rey-
nolds-stress transport models have difficulties in accurately
predicting the mean-flow field and the turbulence of the
adverse-pressure-gradient wake in case free separation
occurs. However, from these investigations it is not clear
what the origin of these difficulties is. It is the objective
of this work to shed some light on this issue.

2. Flow configuration

The experimental set-up used to investigate the adverse-
pressure-gradient wake is described in detail in a previous
paper (Tummers et al., 2006). Therefore, only the main fea-
tures of the set-up are given here. A flat plate was used as a
wake generator. The plate was mounted at zero angle of
attack in the test section (400 · 400 mm2) of an open-return
wind tunnel as shown in Fig. 2. The plate has a 600-mm
chord and a thickness of 18 mm. The last 110 mm were
tapered to form a sharp trailing edge. The boundary layers
on both sides of the plate were tripped with wires posi-
tioned at 6% chord to ensure uniform laminar-turbulent
transition across the span.

To subject the wake to an adverse pressure gradient, the
test section was followed by a two-dimensional diffuser
whose side walls are positioned at a 15� divergence angle.
The walls of the diffuser were fitted with a large number
screenplane diffuserflat plate

trip wire

Uref

boundary-layer suction

x
y

z

Fig. 2. Test configuration for the investigation of the wake in adverse
pressure gradient.
of regularly spaced suction slots to prevent boundary-layer
separation on the diffuser walls. For the zero-pressure-gra-
dient case, the diffuser formed a straight channel with a
nearly constant cross section.

The wind tunnel was operated at a fixed chord-Reynolds
number of 4 · 105, corresponding to a free-stream velocity,
Uref, of about 10.2 m/s. This velocity was used to non-
dimensionalize all measured data. The data are presented
in an orthogonal coordinate system. The x-coordinate,
with origin at the plate’s trailing edge at half span, is direc-
ted downstream along the tunnel axis. The y-coordinate is
measured normal to the symmetry plane (see Fig. 2).

3. Numerical investigation

The Reynolds-averaged continuity and momentum
equations were numerically solved for the two-dimen-
sional, turbulent near wake both for the constant pressure
and the adverse-pressure-gradient cases. Two turbulence
models were considered; the two-equation k–� model of
Launder and Sharma (1974) and the Reynolds-stress trans-
port model of Hanjalić et al. (1999). Details on both turbu-
lence models are given in Appendix A.

3.1. Numerical procedure and boundary conditions

To solve the equations numerically, the spatial deriva-
tives in the equations are discretized with the finite volume
method on a staggered grid. A Cartesian grid was used
with a refinement in the y-direction near the centreline,
whereas the grid was equidistant in the x-direction. The
convection terms are discretized with the second-order
accurate upwind scheme. An unsteady fully implicit time
integration is performed to obtain the steady solution at
large time. At each new time level the discrete systems
belonging to each of the transport equations are iteratively
solved by a line Gauss–Seidel method. Alternating Gauss–
Seidel sweeps from the west to the east side and from the
east to the west side of the computational domain are per-
formed. After each sweep the pressure is calculated from
the discretized Poisson equation for the pressure correction
by using a conjugate gradient solver. The calculation was
started with a certain initial solution at t = 0 and the time
integration is performed until a steady final solution is
reached. A time-resolved solution was not obtained since
the (false) time steps were taken relatively large.

The boundary conditions for the computations in the
wake were specified as follows. The inlet (west) was taken
at x = 17 mm for the adverse-pressure-gradient case, and
at x = 2.5 mm for the zero-pressure-gradient wake. At
the inlet the measured mean-velocity profiles and the tur-
bulence profiles are prescribed, whereas the inlet profile
for � is guessed by assuming a local equilibrium of
production and dissipation of turbulent kinetic energy,
i.e. � = Pk. The consequences of this somewhat inaccurate
assumption regarding the � inlet profile will be discussed
later.



Fig. 3. The turbulent kinetic energy for the wake in zero pressure
gradient.

Fig. 4. The displacement thickness d* and the momentum thickness h for
the wake in zero pressure gradient.
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At the outer edge of the wake (located at y = 200 mm for
the adverse-pressure-gradient case and at y = 80 mm for the
zero-pressure-gradient case) the measured static pressure is
prescribed. Homogeneous Neumann conditions are pre-
scribed for all turbulence quantities. Varying the position
of the wake outer edge was verified to have negligible effect
on the solution. Symmetry was assumed at the wake centr-
eline (y = 0 mm). Therefore, only one half of the wake was
calculated. Zero streamwise gradients were assumed at the
end of the computational domain (x = 600 mm). Tests were
carried out in which the downstream end of the domain was
varied between x = 600 mm and x = 1200 mm. There was
no significant effect of this variation in the region where
experimental data were available. Results were obtained
on a coarse grid consisting of 50 · 50 points and on a fine
grid with 100 · 100 points. The differences in the results
on these two grids are negligibly small, indicating that
almost grid-independent solutions were obtained.

4. Results for the zero-pressure-gradient wake

The studies by Patel and Scheuerer (1982) and Patel and
Chen (1987) have shown that a standard k–� model accu-
rately reproduced the main features of the near wake of a
thin flat plate in zero pressure gradient. However, in the
present study a thick plate with a tapered trailing edge is
used. The pressure variations induced by the taper may
have significant effects on the flow in the trailing-edge
region. Therefore, one cannot exclude beforehand the pos-
sibility that the ‘‘internal’’ pressure variation caused by the
tapering poses a problem to the turbulence models that
prevents successful prediction of this near wake. It will be
shown here that this is not the case.

The measured and the computed centreline velocity for
the wake in zero pressure gradient (zpg) are shown in
Fig. 7 (left). The turbulent kinetic energy on the centreline
and the maximum value of the turbulent kinetic energy at
various x-stations are shown in Fig. 3. Both graphs indi-
cate good agreement between the experiments and the
numerical predictions. The streamwise development of
the displacement thickness, d*, and the momentum thick-
ness, h, are given in Fig. 4. The upper and the lower limits
in the integrals defining d* and h for the computed mean-
velocity profiles was chosen as the largest and the smallest
y-coordinate of the measurement grid at each x-station.
The computations accurately reproduce the measured
decrease of the momentum thickness from h = 4.7 mm at
the trailing edge to h = 3.3 mm further downstream.

The variation of the momentum thickness in the zero-
pressure-gradient wake can be explained from the com-
puted static-pressure distribution in the near wake. The
static pressure is practically constant at the outer edge of
the computational domain at y = 80 mm. (This boundary
condition followed from the static-pressure measurements.)
The static pressure is also practically constant far down-
stream of the trailing edge. There, the very small static-pres-
sure variations in y-direction are caused by the variation of
the Reynolds stress v02 with y, in agreement with the Rey-
nolds-averaged momentum equation for the y-direction.
However, there are significant pressure gradients in both
lateral and streamwise direction near the trailing edge of
the plate. These ‘‘internal’’ pressure variations are a result
of the tapering of the trailing edge. The taper causes an
increase of the static pressure in the boundary layer when
moving towards the trailing edge. This explains the rela-
tively high value of the shape factor (H � d*/h = 1.55) of
the mean-velocity profile at x = 0 mm. The pressure
decreases directly downstream of the trailing edge such that
the near wake experiences a favourable pressure gradient
thus giving rise to a decrease of the momentum thickness.

5. Results for the adverse-pressure-gradient wake

5.1. Mean velocity and kinetic energy

Figs. 5 and 6 show the measured and calculated x-com-
ponent of the mean velocity �u and the kinetic energy k at



Fig. 5. Measured and calculated mean velocity at x = 175 mm for the
adverse-pressure-gradient wake.

Fig. 6. Measured and calculated kinetic energy at x = 175 mm for the
adverse-pressure-gradient wake.
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station x = 175 mm. An important observation is that the
width of the wake, and thus the spreading rate, appears
to be well predicted. However, at the edge of the wake
the measured kinetic energy is higher than the computed
values. This may be caused by the intermittent behaviour
of the interface that separates turbulent from non-turbu-
lent air. An explicit modeling of the effects of the intermit-
tency, as suggested by e.g. Cho and Chung (1992), may
reduce the discrepancies between the measurements and
the computations near the edge of the wake. However,
the effects of such a modification of the turbulence models
were not explored in the present investigation. There are
larger discrepancies between the experiments and the pre-
dictions near the centreline of the wake. This is further
illustrated in Fig. 7 which shows the mean velocity and
the kinetic energy along the centreline. For a fair compar-
ison, the results for the zero-pressure-gradient wake are
also included. The graph shows that neither model is able
to reproduce the measured mean-flow reversal for the
adverse-pressure-gradient flow. The RSTM is only slightly
more accurate than the k–� model as far as the mean veloc-
ity is concerned. One may argue that the differences
between measured and computed centreline velocities are
(although larger than those for the constant pressure gradi-
ent case) only 10% of the velocity defect. At first sight this
10% difference may not seem very important. However, in
the stall mechanism of a multi-element airfoil described by,
e.g., Johnston and Horton (1986) and Petrov (1980), the
abrupt loss of lift is precipitated by the mean-flow reversal
in the adverse-pressure-gradient wakes developing above
the main element. Therefore, not reproducing mean-flow
reversal does have serious consequences for the ability of
computational codes to predict the final stall of a multi-ele-
ment airfoil.

It may be argued that the size and position of regions of
reversed flow are often sensitive to the strength of the pres-
sure gradient, so that a slight inaccuracy in the prescribed
static-pressure distribution at the outer edge of the wake
(y = 200 mm) may alter the mean flow significantly. For
the present flow this sensitivity was investigated by means
of a comparison of the numerical solutions for slightly dif-
ferent pressure gradients. The results of the analysis are
given in Fig. 8. The curve for �p ¼ �pm is the numerical solu-
tion of the RSTM for the measured static-pressure distri-
bution. Of course, the curves for �p ¼ �pm are identical to
those shown in Fig. 7. The other two curves are the results
for �p ¼ c�pm, where c was varied between 0.95 and 1.05 to
simulate an error in the measured static-pressure distribu-
tion. It is seen that a 5% error in the static pressure has only
a small effect on the mean velocity on the wake centreline.
The difference between the measured and the calculated
mean velocity on the centreline is much larger and cannot
be explained from a possible error in the measured static-
pressure distribution. Fig. 8 also indicates that a 5% error
in the static pressure has negligible effect on the kinetic-
energy level on the centreline.

Another point of concern is the effect of an inaccurate
inflow condition for the dissipation. The results presented
so far pertain to the initial condition � = Pk. However, the
measured balance of the kinetic-energy equation shown in
Fig. 12, indicates that the assumption � = Pk is inaccurate.
It seems therefore more realistic to use the dissipation profile
that was determined from the balance of the kinetic-energy
equation at x = 30 mm, denoted by � = �balance, as an inflow
condition for the dissipation. The results of the RSTM for
this new boundary condition are shown in Fig. 8 (dashed
lines). It is seen that the new boundary condition for � has
resulted in a generally higher kinetic-energy level, although
the computed level is still much lower than the measured val-
ues of k at large trailing-edge distances. Also, the mean
velocity on the centreline has slightly increased. So, despite
the more realistic inflow condition for the dissipation, there
is no overall improvement of the numerical prediction. The
same conclusion was drawn from the predictions of the k–�



Fig. 7. Measured and calculated mean velocity (left) and kinetic energy (right) along the centreline.

Fig. 8. The effect of static-pressure variations and the initial � profile on the outcome of the RSTM.

Fig. 9. Measured and computed values of the anisotropy parameter ca on
the centreline. The symbols represent the measurements; the lines are the
results for the RSTM.
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model with � = �balance as a boundary condition. These
results are not shown here for brevity.

5.2. Prediction of the Reynolds-stress anisotropy

It is seen in Fig. 7 that the kinetic energy on the centre-
line is strongly underpredicted. However, the distribution
of the kinetic energy over the different Reynolds normal
stresses, as found with the RSTM, agrees quite well with
the experiments. This can be observed in Fig. 9 which
shows the measured and the computed values of
ca ¼ u02a =ð2kÞ on the wake centreline. These results confirm
that the model for the pressure strain in the RSTM is sat-
isfactory, but also indicate a deficiency in the �-equation.

5.3. Predictions of Reynolds shear stress
and kinetic energy

Fig. 10 compares the measured and the calculated Rey-
nolds shear stress, �u0v0s, for the k–� model and the RSTM.



Fig. 10. Measured and computed Reynolds-shear-stress profiles for the k–
� model (dashed lines) and the RSTM (full lines).
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The k–� model overpredicts the shear-stress values every-
where. This is attributed to the insensitivity of the k–�
model (especially the �-equation) to strong adverse pressure
gradients leading to separation, as well as the insensitivity
of eddy-viscosity models in general to the specific stress
anisotropy generated by the adverse pressure gradient.
To this one can add a strong flow inhomogeneity close to
the wall which, apart from equilibrium flows where the
models is tuned, cannot be well reproduced by any eddy-
viscosity model.

It is seen in Fig. 10 that the RSTM yields better predic-
tions of the Reynolds-shear-stress profiles than the k–�
model. However, the RSTM also tends to overpredict the
Reynolds shear stress. The predicted gradients of �u0v0s
in y-direction on the centreline are larger than the mea-
sured gradients, especially for the upstream stations. This
is a serious shortcoming, because too high Reynolds-
shear-stress gradients result in a too fast increase of the
mean velocity on the centreline. The consequences of this
can be observed in Fig. 7.

Even though the RSTM gives much better predictions of
the Reynolds shear stress than the k–� model, there is not
much difference between the two models as far as the
kinetic energy is concerned. As seen in Fig. 11, the RSTM
is slightly more accurate for the measuring stations close to
the trailing edge, but both models tend to underpredict the
kinetic-energy levels farther in the wake.

The reader may wonder why the much better shear
stress predictions for the RSTM (as compared to those
for the k–� model) have resulted in only a marginal
Fig. 11. Measured and computed kinetic-energy profiles for the k–� model
(dashed lines) and the RSTM (full lines).
improvement of the centreline velocity predictions. To
understand this, attention should be directed to the Rey-
nolds normal stresses. The analysis of the different terms
in the Reynolds-averaged momentum equation (see
Fig. 18 in Tummers et al., 2006) has indicated that the Rey-
nolds shear stresses and the Reynolds normal stresses are
of equal importance in this adverse-pressure-gradient
wake. Therefore, accurate predictions of the Reynolds
shear stresses do not guarantee correct mean-flow behav-
iour unless the Reynolds normal stresses are also predicted
accurately. Fig. 7 (right) indicates that both models
strongly underpredict the Reynolds normal stresses along
the centreline. The underestimation of the Reynolds nor-
mal stress gradient ou02=ox contributes to the too high
mean velocity on the centreline.

5.4. The computed kinetic-energy balances

Fig. 12 shows the measured and computed balances of
the kinetic-energy equation at station x = 30 mm for the
k–� model and the RSTM. Both the dissipation and the
production of kinetic energy are strongly overestimated
by the k–� model, but the predictions of the RSTM agree
well with the experimental results. The ratio of production
and dissipation Pk/�, determined at the location of maxi-
mum production, is 1.61 for the k–� model and 1.27 for
the RSTM. The measurements indicate Pk/� = 1.3.

The RSTM produces better results for the transport
terms than the k–� model. However, neither the k–� model
nor the RSTM reproduces the significant advection of k
near the edge of the wake caused by the transport by tur-
bulent velocity fluctuations. As a result, both turbulence
models fail to predict the relatively high kinetic-energy lev-
els near the edge of the wake as observed in Fig. 6.

Fig. 13 shows the measured and computed kinetic-
energy balances as determined at x = 130 mm for the k–�
model and the RSTM. Several interesting observations
can be made. For example, both models computed almost
the same values of the production of turbulence kinetic
Fig. 12. Measured and computed kinetic energy balance at station
x = 30 mm. The dashed lines are the results for the k–� model.



Fig. 13. Measured and computed kinetic energy balance at station
x = 130 mm. The dashed lines are the results for the k–� model.
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energy Pk (and these values are only slightly larger than the
measured values). However, the most important observa-
tion is that both models predicted a much too high dissipa-
tion level. Neither model has predicted the large decrease of
the measured dissipation in between x = 30 mm and
x = 130 mm. Instead, both models predicted relatively
small changes of the dissipation levels in the streamwise
direction. It can therefore be concluded that, even though
the computed production of kinetic energy Pk is nowhere
smaller than the measured Pk, the computations yield too
low levels of k, because the computed dissipation of turbu-
lence kinetic energy is too high.

The fact that both models computed too high dissipation
levels at the more downstream station is indicative of a
deficiency in the transport equation for the dissipation �.
The transport equation for the dissipation in the k–� model
(Eq. (5) in Appendix A) and the transport equation for the
homogeneous part of the dissipation in the RSTM (Eq.
(20) in Appendix A) are very similar. In particular, in both
equations the production of � is directly linked to the pro-
duction of turbulence kinetic energy Pk. If this model for
the production of � is inaccurate in the present wake flow,
then the superiority of the RSTM over the standard k–�
model is negated by the use of an improper scale-providing
�-equation, despite the apparently good model of the pres-
sure redistribution.

The spectral density functions (sdfs) that were measured
in the adverse-pressure-gradient wake (reported in detail in
Tummers et al., 2006) explain the failure of the model for
the source term in the transport equation for the dissipa-
tion. The measured sdfs clearly indicate the presence of
turbulence structures that are characterised by very low
frequencies. Such turbulence structures are absent in the
trailing-edge region of the flat plate in case of a zero pres-
sure gradient. Because the near wake of the flat plate
in zero pressure gradient can be accurately predicted
by the standard k–� model and the RSTM, it is plausible
to assume that the failure of the same models to accu-
rately predict the present wake is caused by the low-fre-
quency turbulence structures (which are thought to be
roll cells).

In the present adverse-pressure-gradient wake a signifi-
cant amount of the produced turbulence kinetic energy
ends up as low-frequency velocity fluctuations. Unaware
of this phenomenon, the transport equation for � in both
turbulence models interprets all of the kinetic energy that
is produced as conventional ‘‘equilibrium turbulence’’
and produces � at a rate proportional to Pk through the
source term: C�1

P k�=k. It appears that this is an inaccurate
model in the present flow, because the energy transfer to
the high-frequency, dissipation range of the spectrum takes
place at a rate that is lower than C�1

P k�=k due to the accu-
mulation of the produced turbulence kinetic energy in the
low-frequency part of the spectrum.

A possible remedy would be to include the term
S�4 ¼ �C�4 f4kXkXk in the transport equation for � (Eq.
(20) in Appendix A). The inclusion of S�4 is meant to differ-
entiate the effects of the ‘‘rotational strains’’ and the ‘‘irro-
tational strains’’ on the source dissipation, as suggested by
Hanjalić and Launder (1980). In case the mean flow is two-
dimensional this term reduces to

S�4 ¼ C��4

�

k
v02 � u02
� � o�u

ox
;

where C��4 is a closure coefficient with standard value 1.16.
It was shown in Jakirlić et al. (1994) and Henkes (1997)
that the inclusion of the term S�4 works very well in bound-
ary layers subjected to adverse pressure gradients.

In the adverse-pressure-gradient wake with o�u=ox < 0
and v02 < u02, the additional term S�4 will be positive for
positive values of C��4 , thereby increasing the dissipation
while reducing the kinetic energy. The smaller kinetic
energy together with the larger dissipation reduces the eddy
viscosity, which in turn reduces the mean velocity on the
centreline. The inclusion of S�4 (with C��4

> 0) indeed
improved the agreement between measurements and com-
putations as far as the mean velocity is concerned. How-
ever, the price paid for this improvement is a worsening
of the numerical predictions of the kinetic energy. For
the standard value of C��4 ¼ 1:16, the extra term in the dis-
sipation equation caused a dramatic decrease of k along the
centreline, so that the flow nearly relaminarized. Such a
behaviour is not in accordance with the experiments.

To improve the performance of two-equation models in
adverse-pressure-gradient flows, Menter (1994) suggested
to use a modified eddy viscosity as in

mt ¼
ak

maxfax; Sg ; ð1Þ

where x � �/k is the dissipation per unit turbulence kinetic
energy, S is the mean strain-rate tensor, and a � �u0v0=k is
a ‘‘structural parameter’’ which is supposed to be constant
and approximately equal to 0.3. In an adverse-pressure-
gradient flow, the production of k is larger than the dissipa-
tion, so that the above expression for the eddy viscosity
reduces to mt = ak/S. However, this modified eddy viscosity
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was not tested here, since it was known from the experi-
ment that the structural parameter a was not constant in
the present adverse-pressure-gradient flow as can be seen
from Fig. 15 in Tummers et al. (2006).
6. Conclusion

Numerical solutions of the RANS equations were
obtained for the near wake of a tapered flat plate with
and without an externally imposed pressure gradient. The
predictions of the standard k–� model and a Reynolds-
stress transport model (RSTM) were in good agreement
with the experiments for the zero-pressure-gradient wake.
The agreement between the experiments and the predic-
tions for the adverse-pressure-gradient wake was less satis-
factory. Neither model reproduced the experimentally
found mean-flow reversal together with the large increase
of the turbulent kinetic energy on the wake centreline.
Whenever major differences occurred between the predic-
tions of the k–� model and the RSTM, the latter proved
to be superior. For example, the RSTM predicted more
accurate Reynolds shear stresses than the k–� model. The
RSTM was also able to predict the anisotropy of the Rey-
nolds normal stresses with good accuracy. However, the
overall performance of the RSTM is not better than that
of the standard k–� model for the present adverse-pres-
sure-gradient wake flow.

A comparison between the measured and the computed
kinetic-energy balances indicated that both models pre-
dicted too high dissipation levels, indicating a deficiency
in the transport equation for the dissipation �, which are
rather similar in both models. Spectral density functions
measured in the adverse-pressure-gradient wake revealed
an anomaly where a significant amount of kinetic energy
accumulates in the very low-frequency range, possibly
due to the formation of roll cells. However, the transport
equation for � in both turbulence models is unaware of this
phenomenon, and interprets all of the produced kinetic
energy as conventional equilibrium turbulence, thereby
producing too high dissipation levels.
Appendix A

A.1. Low-Reynolds-number k–� model

The k–� model employs the Boussinesq approximation,
which relates the Reynolds stresses to the mean strain rate
according to

�u0iu
0
j ¼ mt

oui

oxj
þ ouj

oxi

� �
� 2

3
kdij; ð2Þ

where mt is the eddy viscosity:

mt ¼ clfl
k2

�
: ð3Þ
The kinetic energy k and the turbulent energy dissipation �
are described by the following two differential equations:

ok
ot
þ uj

ok
oxj
¼ o

oxj
mþ mt

rk

� �
ok
oxj

� �
� �þ D

þ mt
oui

oxj
þ ouj

oxi

� �
oui

oxj
ð4Þ

and

o�

ot
þ uj

o�

oxj
¼ o

oxj
mþ mt

r�

� �
o�

oxj

� �
þ E þ c�1

f1

�

k
P k � c�2 f2

�2

k
:

ð5Þ
The low-Reynolds-number functions fl, f1, f2, D and E

bring into account the effects of wall proximity and viscos-
ity. An overview of different low-Reynolds-number formu-
lations is given by Patel et al. (1985). In the present
investigation the formulation of Launder and Sharma
(1974) is adopted, i.e.

fl ¼ exp
�3:4

ð1þ Ret=50Þ2

 !
;

f1 ¼ 1:0;

f2 ¼ 1:0� 0:3 expð�Re2
t Þ;

D ¼ �2m
o
ffiffiffi
k
p

oxj

o
ffiffiffi
k
p

oxj
;

E ¼ 2mmt
o

2ui

oxjoxk

o
2ui

oxjoxk
;

ð6Þ

where Ret is the turbulent Reynolds number, defined as

Ret ¼
k2

m�
: ð7Þ

The high-Reynolds-number closure coefficients have the
standard values (Launder and Sharma, 1974): cl = 0.09,
c�1
¼ 1:44, c�2 ¼ 1:92, rk = 1.0 and r� = 1.3.

A.2. Reynolds-stress transport model

The Reynolds-stress transport model (RSTM) has its
origin in the exact transport equation for the Reynolds
stresses:

ou0iu
0
j

ot
þ uk

ou0iu
0
j

oxk
¼ � u0iu

0
k

ouj

oxk
þ u0ju

0
k

oui

oxk

� �
þ o

oxk
m
ou0iu

0
j

oxk

þ Dt
ij þ Uij � �ij: ð8Þ

The generalized gradient-diffusion hypothesis (Daly and
Harlow, 1970) is used for Dt

ij, i.e.

Dt
ij ¼

o

oxk
Cs

k
�

u0ku0l
ou0iu

0
j

oxl

" #
; ð9Þ

where Cs is a closure coefficient with value 0.22. The pres-
sure-strain correlation, Uij, is split into two parts,
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Uij ¼ Uij;1 þ Uij;2: ð10Þ
The slow pressure strain, Uij,1, is modeled using Rotta’s
‘‘return-to-isotropy hypothesis,’’ i.e.

Uij;1 ¼ �C1�aij; ð11Þ
where aij is the Reynolds-stress anisotropy tensor, defined
as

aij ¼
u0iu
0
j

k
� 2

3
dij: ð12Þ

The rapid-strain term, Uij,2, is modeled using the ‘‘isotrop-
ization-of-production hypothesis’’ (Launder et al., 1975)

Uij;2 ¼ �C2 P ij �
2

3
P kdij

� �
; ð13Þ

where P k ¼ 1
2
P ii is the production of the turbulence kinetic

energy, k. The C1 and C2 that appear in Eqs. (11) and (13),
respectively, are functions of the turbulent Reynolds num-
ber, Ret, and parameters derived from the Reynolds-stress
anisotropy tensor, such as the ‘‘flatness,’’ A, defined by

A ¼ 1� 9

8
A2 � A3ð Þ; ð14Þ

where A2 = aijaji and A3 = aijajkaki are the first and second
invariants of the Reynolds-stress anisotropy tensor, aij. The
values of C1 and C2 depend on Ret, A2 and A3 as suggested
by Launder and Shima (1989), i.e.

C2 ¼ 0:75A1=2; ð15Þ
C1 ¼ 1� fs þ 2:58AA1=4

2 ½1� expð�ð0:0067RetÞ2Þ�; ð16Þ

where fs is a low-Reynolds-number function given by

fs ¼
1

ð1þ 0:1RetÞ
: ð17Þ

The dissipation tensor �ij is modeled as

�ij ¼ fs�
�
ij þ ð1� fsÞ

2

3
dij�; ð18Þ

where

��ij ¼
�

k

u0iu
0
j þ fsðu0iu0knjnk þ u0ju

0
knink þ u0ku0lnknlninjÞ

1þ 3
2

u0pu0q
k npnqfs

2
4

3
5:
ð19Þ

Here,~n is the unit-vector normal to the wake centreline, i.e.
n2 = 1, n1 = n3 = 0.

The RSTM employs the following differential equation
for the homogeneous dissipation �

o�

ot
þ uk

o�

oxk
¼ o

oxk
mþ C�

k
�

u0iu
0
j

� �
o�

oxl

� �

� C�1 f�1

�

k
u0iu
0
j
oui

oxj
� C�2 f�2

�~�

k

þ C�3m
k
�

u0ju
0
k

o2ui

oxjoxl

o2ui

oxkoxl
; ð20Þ
where ~� is given by

~� ¼ �� 2m
o
ffiffiffi
k
p

oxj

 !2

; ð21Þ

so that � = 0 is prescribed at a solid wall. The high-Rey-
nolds-number closure coefficients in Eq. (20) have the fol-
lowing values (Hanjalić et al., 1999)

C� ¼ 0:18; C�1 ¼ 1:44; C�2 ¼ 1:92 and C�3 ¼ 0:5:

The low-Reynolds-number functions are given by

f�1 ¼ 1:0 and f �2
¼ 1:0� 0:52

1:92
expð�ðRet=6Þ2Þ:
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